In the present article, we discuss one of the basic relations of Quantum Mechanics -the Uncertainty Relation (UR). In 1930, few years after Heisenberg, Erwin Schrödinger generalized the famous Uncertainty Relation in Quantum Mechanics, making it more precise than the original. The present study discusses recent generalizations of Schrödinger's work and explains why his paper remains almost forgotten in the last century.
Introduction

1
One of the most revolutionary consequences that quantum mechanics bequeathed as a fundamental principle in physics is the refusal of strong determinism. That is why the uncertainty relation (called uncertainty principle in the beginning of quantum mechanics) plays fundamental role in this science.
The uncertainty relation in quantum mechanics was discussed in the special literature as well as in some philosophical books. However, in the most of the articles about quantum mechanics, the term "uncertainty relation" is associated with the Heisenberg uncertainty principle for canonical quantum observables: position q and momentum p (Heisenberg, 1927) h » Heisenberg, and later the Copenhagen group, interpreted it as the impossibility of simultaneous precise measurement of the canonical quantum observables with a precision bigger than the Planck`s constant "The more precisely is the position determined, the less precisely is the momentum known, and vice versa" (Heisenberg, 1927 ). Heisenberg's uncertainty principle, however, is a special case and it refers to wave packets with Gauss distribution. The proof of the strong inequality was given by (Kennard, 1927) and (Weyl, 1928) .
Later Robertson (Robertson, 1929) generalized the correlation for arbitrary observables A and B, 2 and Dichburn (Dichburn, 1932) presented the relation between Heisenberg's fluctuations and the mean quadratic deviation
. The symbol _ means quantum-mechanical mean value. Schrödinger [(Schrödinger, 1930) , (Angelow, 1999) ] and Robertson (Robertson, 1930) According to the probability theory, two random variables have three independent statistical moments of second order -the dispersion of two quantities and their covariance (Gardiner, 1983) , (Korn, 1961) .
By definition, the covariance is determined by
i.e. the variance is a special case of the covariance. If we use the covariance matrix (Gardiner, 1983) , (Korn, 1961 ) the Schrödinger's relation (3) can be expressed in a compact (Angelow, 1999) and "very elegant form" (de Gosson, 2006) :
The last relation is for canonical variables q и p , where q p -p q = i ħ . The proof of Schrödinger Uncertainty Relation is based on Cauchy-Schwarz inequality (Schrödinger, 1930) , (Angelow, 1999) , which is a particular case of the Hölder inequality.
Zero covariance is necessary, but not sufficient condition for the independence of two random variables, in the classical as well as in the quantum statistical physics. In case of zero covariance, the sufficient condition is not satisfied because the statistical correlation between the two random variables still exists (postulated by the Heisenberg's uncertainty principle itself). By adding new expression (covariance) Schrödinger defines more accurate the statistical correlation of two physical variables, which is stronger now. Indeed in work (Angelow, 1994) , (Angelow, 1995) one can see, that non-zero covariance due to non-linear effect -light in initial coherent state passing through anisotropic waveguide in LiNbO 3 with non-linearity c (2) , was transformed in light with non-zero covariance (Cov (A, B) ) (
In other words, the non-linearity is responsible for the appearance of Cov(A, B) in quantumstatistical treatment of degenerated parametric amplification. This leads to appearance of additional terms in the Hamiltonian, containing the creation and annihilation operators of second power (Angelow, 1994) , (Angelow, 1995) . We observe similar effect of classical non-linearity in other investigations (Crouch, 1988) with fully quantum examination of the phenomenon. Because of the non-zero covariance (and mostly because Schrödinger discussed the new term (covariance) in details (Schrödinger, 1930; Angelow, 1999) ) we call this states covariance (Schrödinger Covariance States (Angelow, 1994; ). The notion covariance is most precise from mathematical point of view. 3 We also call them Schrödinger's, because they minimize Schrödinger uncertainty relation. They are subclass of all states minimizing Schrödinger uncertainty relation (Schrödinger Minimum Uncertainty States -SMUS) (Angelow, 2007) . In early publications, however (see review (Loudon, 1987) ), almost no one 4 pay attention to the fact that the covariance could be non-zero. This leads to inexact conclusions, based on Heisenberg relation only, that the light (in the mentioned Angelow A. Evolution of Schrödinger uncertainty ISSN 1303 5150 www.neuroquantology.com 327 states above) could not minimize the uncertainty relation (Blow, 1994) . To stimulate experimental realization of covariance states and to escape rich (some times confusing) terminology we think that it is necessary precisely to specify the notion of these states.
5
The general group of Schrödinger minimum uncertainty states consists of three classes: coherent, squeezed and covariance (the last excludes the presence of coherent and squeezed states). The unsuitable extension of the terms (generalized coherent states, generalized squeezed states, generalized correlated states, two-photon coherent state) does not help so much to experimentalists. Our approach is in direction of making the terms of Schrödinger minimum uncertainty states more precise and this classification of covariance, coherent and squeezed states is done in (Angelow, 2007) , where the proposal of experimental realization of covariance states is given.
When the state of quantum system is with zero covariance of А and В, than Schrödinger relation becomes the Heisenberg inequality. In this sense it is more general (and more precise), as Schrödinger mentioned in his article. This is an advantage of Schrödinger uncertainty relation compared to the Heisenberg one (Schrödinger, 1930; Angelow, 1999) .
Actually, the Schrödinger's paper is mainly based on the notes of the seminars of Physics-Mathematical section of the Prussian Academy, where many famous physicists worked to establish the underlying basis of Quantum Theory. Being a kind of internal report, this work remained at certain marginal distance for many years from the physicist scientific awareness, and no book on quantum mechanics has quoted it. Having in mind our goal -to make the article more popular, we have translated the original article of Schrödinger in English (Angelow, 1999 ). Schrödinger's paper, originally written in German, was translated in Russian by Rogali (1976) (and in Polish but the information here was not confirmed).
Another argument in favor of its oblivion concerns the enthusiastic discussions, mostly about the physical interpretation of the uncertainty principle, rather than its mathematical straightforward derivation. After Schrödinger (1930) and Robertson (1930 Robertson ( , 1934 the first appearance of this new uncertainty relation is in the Merzbacher's book (Merzbacher, 1961) . However, he did not pay enough attention to the new term (covariance) and directly derived the Heisenberg relation. In article (Dodonov, 1980 ) the authors discussed the uncertainty relation and generalized it for the case of non-Hermitian operators and for mixed states, too. Few years later (1989), de la Torre (and collaborators) from University of de Mar del Plata (de la Torre, 1989), pay also special attention to the exact uncertainty relation of Schrödinger. In their work, on the base of Quantum Covariance Function (QCF), the uncertainty and nonseparability are discussed in details and reformulation of the original EPR argument (Einstein, 1935 ) is considered too. The complex second order expectation value QCF in (de la Torre, 1989) is constructed in such way that its real part is exactly the well known covariance (Gardiner, 1983; Korn, 1961) and the imaginary part is quantum mean value of the commutator. To avoid misunderstanding it is worth noting the difference with our terminology, where covariance states are functions (vectors) of the Hilbert space H, minimizing the Schrödinger uncertainty relation (3), (6) with non-zero covariance.
Circumstantial proof 6 and detailed analysis of the covariance, done by Schrödinger, are strong reasons to call the states with nonvanishing covariance -"Schrödinger covariance states". In this way, we emphasize only one of the three possible classes, minimizing the uncertainty relation -the states with Cov(A, B) ≠ 0 (the other two are coherent and squeezed). We think that it is more correct to call them covariance, than correlated, since the new term added by Schrödinger (1930) is exactly the covariance 7 . Significant contribution to this topic gives D. Trifonov, who makes generalizations of the uncertainty relation in several directions (Trifonov, 1997; 1998; and he is one of the main creators of the theory of linear invariants (first integrals of equations of motion) for arbitrary time-dependent quadratic systems in Quantum Mechanics (Malkin, 1970; 1973; Trifonov, 1975) . This method gives the possibility to express the time-evolutions of the two variances for such arbitrary quantum systems in explicit forms (Trifonov, 1975) . The time-evolution of the third independent statistical moment of second order ) ; , ( t B A Cov in general case was derived significantly later (Angelow, 1998) and thus the method of linear invariants was completed.
In 1998 D. Trifonov and S. Donev (Trifonov, 1998; established new n relations, which they call characteristic
where ) ; ( r s X is the covariance matrix (Gardiner, 1983; Korn, 1961) 
[ ] 
The matrices, similar to each other -F , F`, F`` etc., are the same linear transformation of vectors in different bases (y = F x), but the characteristic polynomial, and consequently its coefficients ) (n r C stay unchanged for that transformation (Bellman, 1960) . They differ from characteristic values (º eigenvalues, roots of the equation
property is used to generalize the uncertainty relations (Trifonov, 1998) , . These invariant coefficients are number n, for example when r = 1 , ) ( ) ( We will consider in details a special case of characteristic relations (9). The case n = 3, r = 2 is presented in (Trifonov, 1998; . We will consider n = 2. When r=2 
and the inequality (9) becomes that of Schrödinger (3), (6). When r = 1, we get: 
The right side of the inequality is 
Let us consider the following inequality, which is based on the fact, that (a -b)
For canonical variables q and p, which satisfy commutation relation h i q p p q = -ˆ, we get, as in 
which is stronger than (17). This inequality is independent from the characteristic relations (9), and sometimes the classical case ΔА 2 + ΔB 2 ≥ 0 is used in handbooks on experimental physics (Andreev, 1970) . By analogy with classical physics, the inequality (19) could be call relation for total quantum uncertainty of two canonical variables. Now we will mention another inequality 2000a) , concerning statistical correlation between several observables in two and more states. It is invariant generalization of Schrödinger's relation, and for two states it becomes:
[ ]
. (20) When ψ = φ the above relation transforms into the Schrödinger uncertainty relation (3), (6). Since the relation (20) is neither the sum nor the product of two Schrödinger inequalities it is not trivial (it can not be presented by a sum or a product of two values dependent only on ψ and φ). This relation is a special case of type (2, 2) introduced in : "State extended Uncertainty Relations of type (n, m)", n -inequalities, mstates. In that work, one can find thorough classification of many inequalities, including those ones based on the modern 'entanglement' states (Blume-Kohout, 2002; Caves, 1994; Einstein, 1935) from the theory of quantum computers. In this connection, it is worth noting the paper of A. Rivas and A. Luis (Rivas, 2008) , where other uncertainty relations for products and sums of variances are obtained for angular momentum variables.
Conclusion
The short review above discusses the evolution of the uncertainty relations in quantum physics and was presented at Physics Symposium dedicated to G. Nadjakoff. His investigations in the field of internal photoeffect (started in 1925) are pioneer works in the experimental Quantum physics, leaded later to the invention of the photocopier (1937) .
D. Trifonov works are one continuation of this tradition in Bulgarian Academy of Sciences. One independent opinion about method of linear invariants is that of the Nobel Prize winner Roy Glauber, who has said: "I am greatly indebted to … Vladimir Man'ko for telling me many new things about harmonic oscillator" (Glauber, 1992) .
We would like to mention that the work (Malkin, 1970) consider also some special cases of quantum particles in magnetic field (subject, important for magnetic confinement), and with the help of method of linear invariants the fluctuations of their quantum evolution can be determined (Angelow, 1998) , satisfying the fundamental quantum limit prescribed by Schrödinger Uncertainty Relation.
